We present a Friedmann-Robertson-Walker (FRW) quantum cosmological model within the framework of Finslerian geometry. In this work, we consider a specific fluid. We obtain the corresponding Wheeler-DeWitt equation as the usual constraint equation as well as Schrödinger equation following Dirac, although the approaches yields the same equation of time independent equation for the wave function of the universe. We provide exact classical and quantum mechanical solutions. We use the eigenfunctions to study the time evolution of the expectation value of the scale factor. Finally we discuss the physical meaning of the results.
INTRODUCTION
It is argued that there is a quantum mechanical contextual behind the classically detected universe on large scales [1] . One has to use quantum cosmology to describe quantum gravitational effects during the phase transition in the very early stages of the universe. Quantum cosmology is one of most significant emergent obtainment in the field of astronomy to modify the quantum ethos of the structure and evolution of the universe. To explore cosmological phenomena and the evolution and nature of the Universe we mostly use Einstein's theory of relativity, which describes the notion of the Universe as a whole. Although the Einstein's field equation is most momentous revolutionary discovery that rules the field of astronomy, however, it fails to develop/describe some certain astrophysical phenomena specially the initial singularity [2] . If we could trace a possible resource to reach in the direction of the beginning of the universe from the prior echelon of big-bang, the concept of time and space should null and void, that contradict our conventional wisdom. The idea, Quantum cosmology, involved as an alternative theory for developing the initial singularity that occurs from Einstein's field equation, is quite significant attempt to assemble the theory of relativity and quantum gravity. The Wheeler-DeWitt equation conducts a weighty role in quantum gravity to obtain the wave function of the universe that narrates the nature of universe [3] . In quantum gravity, the quantum state of the universe is ultimately described by the wave function which satisfies Wheeler-DeWitt equation. Wheeler-DeWitt equation in minisuperspace is nothing but a mathematical expression which provides total energy of the universe is zero, that is a possibility of a closed universe bounded by space and time.
Recently, during the last two or three decades Finslerian gravity is an alternative gravitational theory based on Finsler spacetime, which is an anisotropic spacetime naturally arisen from a geometrical point of view. In fact, the motivation behind this approach lies on the observational facts, such as, anisotropy of microwave cosmic radiation, the flat rotation curve of spiral galaxies, accelerating expansion of the universe and resolving it without dark energy etc. Present Finsler spacetime which is the FRW spacetime with Finslerian perturbation is, in fact, a (α, β) -Finsler space [4] . Finslerian gravity in this spacetime can be regarded as an alternative doctrine of Einstein general relativity but it also includes it as a particular instance. Here we find out the solutions of classical gravitational field equations with the modified barotropic equation of state P = ωρ, in the modified anisotropic pressure P of fluid distribution for different parameter values of ω. These solutions include nonsingular accelerating universes, as well as oscillatory universe. We then construct the Hamilton for this system, so that this Hamiltonian or the corresponding Lagrangian can reproduce the classical gravitational equation as the Euler-Lagranges equation. On quantization, the canonical variables and the Hamiltonian operation H are obtained. Then, the usual theory is employed in constructing the Wheeler-DeWitt equation. Similar technique has been used by Mebbarki [5] in the case of Randers-Finsler spacetime. The constraint equation Hψ = 0 is imposed, and this, in fact, indicates that the Hamiltonian operator H annihilate the wave function of the universe. Consequently, we find the Wheeler-DeWitt equation in minisuperspace approximation in a single gravitation degree of freedom which is the scale factor of FRW universe. The equation is actually a time-independent Schrödinger equation for the wave function of the universe in many-world interpretation. Here also, following Dirac [6] , Wheeler-DeWitt equation in minisuperspace has been constructed by imposing the constraint equation as an operator equation on the wave function. The resulting equation is found to be a time-dependent Schrödinger equation for the wave function explicitly depend on time apart from its dependence on the scale factor. From this equation the same time-independent Schrödinger equation (Wheeler-DeWitt equation) follows. We find the solutions for different parameter values of ω. As in the case of Alvarenga el al [7] the boundary condition might be imposed, and the inner product of any two functions can be defined to find out the expectation values of the scale factor. For a particular value of ω , we have found this expectation value of the scale factor which represents a nonsingular universe and accounts for the accelerated expansion of its.
In this work we provide a quantum mechanical description of a FRW model with a specific fluid distribution in order to retrieve explicit mathematical expressions for the different quantum mechanical states.
The paper is organized as follows. In Sec. II, we construct the classical gravitational equation in Finsler spacetime with specific fluid structure. In Sec. III, the solutions have been found in different parameter values of ω. In Sec. IV, Wheeler-DeWitt equation has been constructed from the Hamiltonian of the system. Solutions have been found there, and for a particular value of ω = − 2 3 , the expectation value of the scale factor obtained. This expectation value of the scale factor has been compared with the scale factor of the corresponding classical case which also represents a nonsingular universe with accelerated expansion of its. Finally, some concluding remarks have been made in the next section.
GRAVITATIONAL EQUATIONS IN FINSLER SPACE-TIME
To describe the dynamics of the universe, we consider the Finsler metric of the form as in [8] 
This metric, in fact, has been shown there to be a (α, β)-Finster space and describes FLRW spacetime with Finslerian perturbation.
This choice is motivated by the well known fact that at large scale our universe is governed by the flat Friedmann-Robertson-Walker (FRW) line element. For constructing a cosmological model, we assumeF 2 as a quadratic in y θ and y φ . The gravitational field equation in Finsler space is controlled by the base manifold of the Finsler space and the fiber coordinates y i . The base manifold of the Finsler space controls the gravitational field equation in Finsler space and the fiber coordinates y i act as the velocities in the energy momentum tensor i.e. the velocities of the cosmic components. As a result, one can obtain the gravitational field equations in Finsler space from the metric (1). We have assumed that for two dimensional Finsler spaceF ,Ric = λ i.e. theF is a constant flag curvature space. Note that this flag curvature of Finsler space generalizes the sectional curvature of Riemannian space.
We consider the general energy-momentum tensor for the matter distribution as
where u µ u µ = −η µ η µ = 1, p r , p t are respectively the radial and transverse pressure for the anisotropic fluid. The modified gravitational field equations in Finsler spacetime are given by [4] 
We consider the modified equation of state
where ω is the modified equation of state parameter and P is given by
Here the constant K has the dimension of (mass)
Note that here the anisotropic force is F = and m has the dimension of mass or inverse length (in natural unit c = = 1 and the dimension of
CLASSICAL SOLUTIONS
With the gravitational field equations of Finsler spacetime (3)-(5) and the equation of state (6), we have the following equation for the scale factor a(t) :
or,
where, A is a integrating constant.
Using equations (9) and (10) we obtain the following equation for the scale factor a(t):
For different values of ω, we will discuss the three cases as follows:
Subcase I(b):
Solving this we get,
from (13) we can conclude that, here we can not obtain any explicit form of a(t).
Case II: ω = −2/3 The equation (11) becomesä + A 2 = 0. Hence solving above equation and using (10), finally, we get
where, B = − A 2 and C is integrating constant. Then a(t) = 0 if
. and it is negative if λ > 1.
Hence a nonsingular universe is possible. Case III: ω = −1 Equation (9)- (11) give rise to the following equations
Subcase III(a)
Equation (16) yields the general solution as,
For the generic initial condition there is no relationship between a(0) andȧ(0).
In late time (t >> 1/k)
Which represent an accelerating universe and an arrow of time. Indeed, such a situation has been discussed by Padmanabhan [9] in the context of an 'inverted' oscillator equation which is time-reversal invariant.
Subcase III(b): A > 0 For positive value of A with k 2 = A/2, In this case, we have the following equations a + k 2 a = 0,
Here we obtain the following solution
Hence, we obtain an oscillatory universe.
HAMILTONIAN FORMALISM AND WHEELER-DEWITT EQUATION
In order to quantize the gravitational field equation in Finsler geometry we first obtain the Hamiltonian for the system. For this the Lagrangian in the present case is taken as
The canonical momentum associated with a is given by
The Euler-Lagrangian equation
This equation is the same as in (9), and thus, justifies the choice of the Lagrangian (20). Now, the Hamiltonian is constructed from this Lagrangian is given by
Using (21) and (22), we finally obtain (for 1+3ω = 0 )
Now the Wheeler-DeWitt quantization leads to
Hence the Hamiltonian operator H is
assumes the following form
Wheeler-DeWitt equation Hψ(a) = 0 in minisuperspace is obtained as
Alternatively, Wheeler-DeWitt equation in minisuperspace can be obtained following Dirac [6] by imposing the constraint equation on the wave function of the universe as,
This is in fact, the Schrodinger equation for the wave function ψ(a, t).
Let,
Then from eqs. (27) and (28) we get Wheeler-DeWitt equation for φ(a) as
Wheeler-DeWitt equation in minisuperspace can be obtained from the following Dirac [6, 10] by imposing the constraint equation as an operator equation on the wave function of the universe as
Here, the dynamical variable T (t), where t is the time, is introduced in the Lagrangian and the constraint equation has been obtained from the variation of action with respect to T . The equation is, in fact, the Schrödinger equation for the wave function ψ(a, t) if t = −T is regarded as the time coordinate. In fact, p t which is conjugate to time t = −T .
Now since
Let ψ(a, t) = e −iEt φ(a).
Then we get time-independent Wheeler-DeWitt equation for φ(a) as
Now, returning to the Lagrangian, it is to be noted that we can always add a constant term, say E, to the Lagrangian leaving the dynamical system unchanged. That is, we can take the Lagrangian to be
The Hamiltonian now becomes
On quantization we have
and consequently Wheeler-DeWitt equation in minisuperspace is usually obtained as Hψ(a) = 0 or,
This equation is identical with the time-independent Wheeler-DeWitt equation obtained from the timedependent Wheeler-DeWitt equation. Thus, time is naturally introduced from the above time-dependent Wheeler-DeWitt equation, if we consider it is derived from the Schrödinger equation for the wave function of the universe in which the coordinate time explicitly introduced in the wave function. Now we will discuss the three cases for different values of ω.
Case I: ω = 0 For ω = 0, equation (29) takes the form
Putting, x = m 2 (λ − 1)a + E, we have
For λ > 1 equation (32) does not admit the harmonic oscillator solution.
For λ < 1 equation (31) becomes
This is formally identical with the time-independent Schrodinger equation for a harmonic oscillator with unit mass and energy
. Possible values of energy are n + 1 2 , n = 0, 1, 2, ...... Thus
Finally one can get
Here
N ote :
In this case the wave function seems as wormhole-like wave function discussed in [12] , though the boundary conditions would not be satisfied. Hence the stationary quantum wormholes can not be found in this model.
Case II: ω = −2/3 Now the equation (29) assumes the form
This equation yields the following solution as
where
We take the boundary conditions for the wave function ψ(a, t) as ψ(0, t) = 0 and ∂ψ(a, t) ∂a
Taking the first boundary condition, we have φ(0) = 0 which implies C 2 = 0, and consequently
Hence the the wave function ψ(a, t) takes the form as
Following Alvarenga, et.al [11] , the inner product of any two wave functions φ and ψ is taken as As the Hamiltonian operatorĤ to be self-adjoint and also, since the solution (34) does not have finite norm, we have to construct the wave packet solution by superposition of the above solution in order to obtain wave function which can describe physical state. As, in Alvarenga, et.al [11] the superposition is taken as
with a quasi-gaussian superposition factor and ψ E (a, t) as given in (34). Then we have
where γ is an arbitrary positive constant. This integration can be found to be [13] ψ(a, t) = √ a e −a 1 4B
With this, the expectation value of the scale factor with ω = −2/3 can be found via
This represents a nonsingular bouncing universe. It can be compared with the classical model for the case of ω = −2/3 (see fig. 1 ).
Solution can be found as
Due to this complicated solution, we cannot find the expected value of the scale factor, therefore, we would leave it for further discussion.
DISCUSSION AND CONCLUSION
This paper deals with a quantum mechanical description of a FRW model in Finslerian background with a specific fluid distribution in order to retrieve explicit mathematical expressions for the different quantum mechanical states. In constructing Wheeler-DeWitt equation we have followed two different approaches -one the conventional and other following Dirac. We have shown that the two methods gave the same time independent Wheeler-DeWitt equation. Also, in Dirac method it has been shown that time has appears naturally. In minisuperspace gravitational degree of freedom is taken as to be scale factor of the universe together with the parameter λ, a characteristic of the present Finsler space. This λ appears in Wheeler-DeWitt equation as the potential energy which disappears in Riemannian case, i.e. for λ equals one. One can note that our consideration is a general one that includes Riemannian case. A rich variety of solutions are possible. But all solutions cannot be found for mathematical difficulties. Of course, in classical case we have obtained various solutions ranging from non-singular to oscillatory universe. Also arrow of time has been obtained.
The time dependence of the scale factor in FRW universe with a specific fluid was found by two different ways, namely, by solving Einstein-Finslerian equations and via Hamiltonian formalism. In our article we have discussed three cases for several values of equation of state parameter, ω in both classical and quantum approaches. Due to complicated nature of the equations, we could not found explicit form of a(t) and wave function in general case, but for the case ω = − 2 3 , we have found exact solutions in the context of Finsler gravity and Wheeler-DeWitt equation, which explain nature of the universe. By comparing both results for ω = −2/3, we could check the strength of this extrapolation. We have found the eigenfunctions and as a result acceptable wave packets were created by a suitable linear combination of these eigenfunctions. The time dependence of the expectation value of the scale factor has been found in connection of the many-worlds interpretation of quantum cosmology. We have seen that the non-singularity is present in FRW universe. Moreover, this classical Finslerian model predicts oscillatory and accelerated universe. Note that in the classical part for the case ω = − 2 3 , if we substitute λ by 1, i.e. for Einstein gravity we find a(t) = 0 for t = − C B (a constant), i.e. clearly big bang singularity occurs, which is a significant difference from our solutions on the Finsler manifold. Finally, one can conclude that this approach is physically pertinent and acceptable in order to contribute a new result in quantum Finslerian cosmology.
